Abstract. Un σ-opérateur sur la complexification V C d'un espace vectoriel réel V R est un opérateur A ∈ End C (V C ) tel que σ(A) = 0, où σ(z) est la fonction σ de Weierstrass. Dans cet article, nous introduisons la notion de σ-opérateur fortement pseudo-réel et démontrons qu'il y a une correspondance biunivoque entre les structures de Hodge mixtes réelles et les σ-opérateurs fortement pseudo-réels.
Introduction
Let S := R C/R G m and let V R be a finite dimensional real vector space. By a real Hodge structure (HS) on V R we understand a finite direct sum of real pure Hodge structures with given weights cf. [1] . We can consider a Hodge structure as a real algebraic group representation ρ : S −→ GL(V R ) (see eg. [1] , [5] , [6] for the definition of HS). Let Lρ be the Lie algebra representation of ρ. The following operator S := S(ρ) := Lρ(1 + i) ∈ End(V R ), introduced in [1] , will be called the Hodge-Lie operator of the real HS given by ρ.
Let σ(z) be the Weierstrass' sigma function for the lattice Λ := Z ω 1 + Z ω 2 with ω 1 = 1 − i and ω 2 = 1 + i : 
Christopher Deninger asked us very interesting question whether our approach to real HS via Weierstrass σ function can be extended to the mixed Hodge structures (MHS). This paper is an affirmative answer to the C. Deninger's question (see Definition 1.5 and Theorem 1.6 below). For the definition of MHS see eg. [2] , [3] , [4] cf. the Definition 2.1 below. In all of this paper a MHS means a real MHS.
Let us introduce basic definitions and state the main results of this paper. The proofs of these results are given in section 3. For every λ ∈ Λ define:
We will write σ m,n (z) := σ λm,n (z) for all (m, n) ∈ Z × Z.
for all r + s ≥ p + q.
Theorem 1.4. Every weakly pseudo-real σ-operator A determines a MHS.
A natural question is whether there is one to one correspondence between weakly pseudo-real σ-operators and real MHS on V R . In general the answer is no. However, if we strengthen the condition (2), then we can strengthen the Theorem 1.4.
for all r ≥ p or s ≥ q.
Theorem 1.6. There is one to one correspondence between MHS and strongly pseudo-real σ-operators.
Observe that A is a weakly pseudo-real (resp. strongly pseudo-real) σ-operator if only if A is a weakly pseudo-real (resp. strongly pseudo-real) σ-operator.
2. Deligne splitting of a mixed Hodge structure Definition 2.1. A real MHS on V R consists of two filtrations, a finite increasing filtration on V R , the weight filtration W • R and a finite decreasing filtration F • on V C := V R ⊗ C, the Hodge filtration which induce a pure real HS of the weight n on each graded piece
Theorem 2.2. (Deligne splitting of MHS). For any MHS there exists exactly one decomposition:
where
This decomposition can be expressed via weight and Hodge filtrations in the following way:
, where
For the proof of the Theorem 2.2 see [4] (cf. [2] pp. 471-472). Observe that
Mixed Hodge Structures via pseudo-real σ-operators
Let A be a σ-operator on V C = V R ⊗ C. We get the following decomposition into eigenspaces: Proof. Consider the decomposition (13). The lemma is a consequence of the following equality: σ p,q (A) = σ p,q (λ p,q )P p,q , where P p,q denotes the projection operator is also uniquely determined by this mixed Hodge structure and is strongly pseudoreal. Indeed
For r ≤ p, s ≤ q, k < r, l < s there exist vectors x r,s ∈ I s,r , x r,s ∈ I r,s , u r,s;k,l ∈ I k,l such that
r≤p s≤q x r,s , x r,s = x r,s + k<r l<s u r,s;k,l .
where the sum r,s,k,l is given for indices r, s, k, l in the range r ≤ p, s ≤ q, k < r, l < s. By Lemma 3.4 the σ-operator A is strongly pseudo-real.
Conversely every σ-operator A determines unique decomposition of V C into eigensubspaces (see (13) and (15)). When σ-operator A is strongly pseudo-real then, by Lemma 3.4, equalities (13) and (15) give the Deligne canonical decomposition of the mixed Hodge structure determined by A. Indeed in this case for
It remains to check that: 
